Abstract. Solutions of Pell's equation and hypergeometric series identities are used to study series expansions for √ p where p are arbitrary prime numbers. Numerous fast convergent series expansions for this family of irrational numbers are established.
Introduction
Pell's equation(also called the Pell-Fermat equation) is any Diophantine equation of the form
where p is a given positive nonsquare integer and integer solutions are sought for x and y. Joseph Louis Lagrange proved that Pell's equation has infinitely many distinct integer solutions. Furthermore, there holds the following relation. is also the integer solution of (1).
Proof. Because that (x 1 , y 1 ) is the integer solution to (1), we obtain
In terms of the binomial theorem . This completes the proof of Lemma 1.
So we gain
The circumference ratio π = 3.1415926535 · · · is one of the most important irrational numbers. For centuries, the study of π-formulas attracted many persons. Recently, Chu [4] , Liu [12, 13] and Wei and Gong [14] gave many π-formulas in terms of the hypergeometric method. Different methods and results can be seen in the papers [5, 7, 8, 10, 11, 15] . For historical notes and introductory informations on this kind of series, the readers may refer to four surveys [2, 3, 9, 16] .
It is well known that √ p are irrational numbers when p are arbitrary prime numbers. Several ones of this family of irrational numbers are closely related to π. For example, we have the following relations:
where (2)-(4) are proverbial and (5), (6) can be seen in Wei [15] .
For a complex number x, define the shifted factorial to be
Following Bailey [1] , define the hypergeometric series by
where {a i } i≥0 and {b j } j≥1 are complex parameters such that no zero factors appear in the denominators of the summand on the right hand side. Then three hypergeometric series identities can be stated as follows: (9) where (7) is a well-known identity and (8), (9) can be found in Gessel and Stanton [6] .
Inspired by the works just mentioned, we shall systematically explore series expansions for √ p with p being prime numbers by means of Lemma 1 and (7)- (9) . The structure of the paper is arranged as follows. We shall establish six theorems in Section 2. Then they and Mathematica program are utilized to produce concrete series expansions for √ p in Sections 3-8.
Six Theorems
Theorem 2. Let p be a positive nonsquare integer and m, n be both positive integers satisfying n 2 − pm 2 = 1. Then
Proof. The case a = 1/2 of (7) reads as
Setting x = 1/(pm 2 + 1) in (10), we achieve
Multiplying both sides by mp/n, we attain Theorem 2 to finish the proof.
Theorem 3. Let p be a positive nonsquare integer and m, n be both positive integers provided that n 2 − pm 2 = 1. Then
Proof. Taking x = −1/pm 2 in (10), we obtain
Multiplying both sides by n/m, we get Theorem 3 to complete the proof.
Theorem 4. Let p be a positive nonsquare integer and m, n be both positive integers satisfying n 2 − pm 2 = 1. Then
Proof. The case a = 1/2 of (8) gives
Fixing x = 1/pm 2 in (11), we gain
Multiplying both sides by mp/n, we achieve Theorem 4 to finish the proof.
Theorem 5. Let p be a positive nonsquare integer and m, n be both positive integers provided that n 2 − pm 2 = 1 and
Multiplying both sides by n/m, we obtain Theorem 5 to complete the proof.
Theorem 6. Let p be a positive nonsquare integer and m, n be both positive integers satisfying n 2 − pm 2 = 1 and 4(pm
Proof. The case a = 1/2 of (9) offers
Taking x = 1/pm 2 in (12), we get
Multiplying both sides by mp/n, we gain Theorem 6 to finish the proof.
Theorem 7. Let p be a positive nonsquare integer and m, n be both positive integers provided that n 2 − pm 2 = 1 and 4p 3 m 6 > 27(pm
Proof. Fixing x = −1/(pm 2 + 1) in (12), we achieve
Multiplying both sides by n/m, we attain Theorem 7 to complete the proof.
Series expansions for √ 2
Setting p = 2 in (1), we obtain
It is easy to know that x 1 = 3, y 1 = 2 is the solution to (13). So
is also the solution of (13) thanks to Lemma 1. Now we choose x 4 = 577, y 4 = 408 and x 7 = 114243, y 7 = 80782 to give 12 series expansions for √ 2.
Substituting p=2, n = x 4 = 577 and m = y 4 = 408 into Theorems 2-7, we get the following six series expansions for √ 2 :
Substituting p=2, n = x 7 = 114243 and m = y 7 = 80782 into Theorems 2-7, we gain the following six series expansions for √ 2 :
Numerous different series expansions for √ 2 can be derived in the same way. Due to limit of space, the corresponding results will not be displayed in the paper. The discuss is also adapt to series expansions for √ p with p > 2.
Series expansions for √ 3
Taking p = 3 in (1), we have
It is not difficult to see that x 1 = 2, y 1 = 1 is the solution to (14) . Thus
is also the solution of (14) according to Lemma 1. Now we select x 5 = 362, y 5 = 209 and x 9 = 70226, y 9 = 40545 to create 12 series expansions for √ 3.
Substituting p=3, n = x 5 = 362 and m = y 5 = 209 into Theorems 2-7, we achieve the following six series expansions for √ 3 :
Substituting p=3, n = x 9 = 70226 and m = y 9 = 40545 into Theorems 2-7, we attain the following six series expansions for √ 3 :
Series expansions for
√ 5
Fixing p = 5 in (1), we obtain
It is ordinary to find that x 1 = 9, y 1 = 4 is the solution to (15) . Therefore
is also the solution of (15) in accordance with Lemma 1. Now we choose x 3 = 2889, y 3 = 1292 and x 4 = 51841, y 4 = 23184 to produce 12 series expansions for √ 5.
Substituting p=5, n = x 3 = 2889 and m = y 3 = 1292 into Theorems 2-7, we get the following six series expansions for √ 5 :
Substituting p=5, n = x 4 = 51841 and m = y 4 = 23184 into Theorems 2-7, we gain the following six series expansions for √ 5 :
√ 7
Setting p = 7 in (1), we have
It is easy to know that x 1 = 8, y 1 = 3 is the solution to (16) . So
is also the solution of (16) thanks to Lemma 1. Now we select x 3 = 2024, y 3 = 765 and x 4 = 32257, y 4 = 12192 to give 12 series expansions for √ 7.
Substituting p=7, n = x 3 = 2024 and m = y 3 = 765 into Theorems 2-7, we achieve the following six series expansions for √ 7 :
Substituting p=7, n = x 4 = 32257 and m = y 4 = 12192 into Theorems 2-7, we attain the following six series expansions for √ 7 :
√ 11
Taking p = 11 in (1), we obtain
It is not difficult to see that x 1 = 10, y 1 = 3 is the solution to (17). Thus is also the solution of (18) in accordance with Lemma 1. Now we select x 1 = 649, y 1 = 180 and x 2 = 842401, y 2 = 233640 to produce 12 series expansions for √ 13.
Substituting p=13, n = x 1 = 649 and m = y 1 = 180 into Theorems 2-7, we achieve the following six series expansions for √ 13 : In this paper, we establish numerous series expansions for √ p with p = 2, 3, 5, 7, 11, 13.
When p are other prime numbers, series expansions for √ p, which converge fast, can also be established in the same way.
